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Abstract

The present paper shows that both
�

and � , i.e. the set of real and complex
numbers, can be seen as denumerable.

Cantor’s diagonal process has been recognized as one of the most significant methods,
which has been applied to the solution of important problems such as the unsolvability of
the halting problem[2].

Although Georg Cantor has died in 1918, let us suppose that Cantor is playing a game
with a machine � , which is asked for producing a sequence of all real numbers. Whenever
� prints such a number, Georg Cantor, by using his own diagonal process, writes another
number which is different from the first number of the sequence by the first digit, from the
second number of the sequence by the second digit, and so forth. As we know, this set in
infinite, but whenever � prints a number we obtain a finite and countable set. In this way,
Georg Cantor always beautifully manages to write a new number outside the sequence, no
matter what the numbers are which � produces. Thus, he concluded that, by using that
finite method, the set of real numbers has greater cardinality than the set of natural numbers
because of the transcendental numbers. Nonetheless, using the decimal representation for
the reals prevents � to finish writing the first irrational number. In other words, while
producing an infinite set by writing a sequence of its elements, there will never be any
time for refuting that. A question is whether or not we should permit such a refutation
over infinite sets, although his proof is widely accepted. It is also known that � ������� 	
�
(and also, the set of odd numbers has the same cardinality of the natural numbers), and the
reason is simple as explained, for instance, by [1]:
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or, diagrammatically,

1 2 4 7 11 16
3 5 8 12 17
6 9 13 . . .

10 14
15

that is, the above triangular diagram shows the order of
the fractions where each entry corresponds to a fraction whose numerator is the row num-
ber (abscissa) and the denominator is the column number (ordinate), in order to present



all fractions diagonally and then prove � ��� � � 	 � . Let us call this ordering technique
triangular for later reference.

Given a pair of indexes
� ����� 	 , positive ones, perhaps the easiest way of finding the

corresponding position in the above one-one correspondence with 	 is the following:��� � ���
	 � � � ��� � 	� � �� �
where � here informs the referred to position in the ordered bijection between the rep-

resentation of a set and 	 . Thus, if we have that position � and wish to find the pair of
indexes, we just use the following formula:� � � 	 ��� � ����� � where

� � ��� ��� � � 	  ����� � ��� � � 	 � � 	  � 	� � ��� � ��� � � 	 � � 	  � � �

which in its turn uses the � , defined as follows:

� ��� ��� 	 � � �!� � ��� � � ���"	 if ����� � � � � 	$#%�� if ����� � � � � 	$&%�
The same setting holds for 	$' , in which numbers can be paired with the correspond-

ing positive ones. In this way, by regarding the sums between the numerators and the
corresponding denominators, � can make a one-one correspondence between the ratio-
nal numbers and the natural numbers. However, while � is printing the numbers of this
sequence, that is, while � has printed the � � 	 th number of the sequence, that is �)( , its
opponent can always anticipate and write the following number of the sequence, i.e. �*(,+)- .
In accordance with the criticism above, for the sequence is infinite, this means that the
opponent of � has a finite method for always showing a new number, different from any
previous number of the sequence. However, the rules of this game is at least controversial.
What such a procedure refutes is the arrangement of the numbers in that sequence, and
based on the hypothesis that there exists a kind of right by the person who uses that method
to have the final words in that logics game, while the sequence is infinite, i.e. if the game is
not of two great moves only but instead of infinite small moves, after the person produces a
different number, � can include this number in its sequence, and so forth. In this way, one
proves and the other one disproves: that is, the last player wins the (infinite) logics game.

Here, together with the final words, we show a different arrangement and different
representation of the real numbers that include the transcendental numbers, and finally
the arrangement can be put into (or imagined to be in) a one-one correspondence with 	 .
Firstly, the author defines the types needed for defining and then building the sequence:. �0/21 .
or . �43
where / means the set of real numbers whose elements are in a proper representation.
Further,

.
can be empty (by 3 ) but sequences of type

.
will always be finite. A sequence

of type
.

is informally referred to here as list, and the list is finite. We shall need another
type definition as the following: 5 � 	 1 	 76 � 1 .

Now let us make 8 � 5 be our solution, indexed by two positive natural numbers,
�

and � , where each application 8 � � ���
	 refers to a rational number 9 , more precisely,

9 �
�;: ' -< ' - if �  �>=� �� if �  � � �



and a finite sequence (list) of real numbers. Call this sequence � , i.e. 8 � � ��� 	 � ��9 � � �
and, for each pair

�
and � , simply � � � ���
	 . The formula 8 � � ���
	�� is used to indicate 9 (and

its symmetric value). Furthermore, inside 8 � � ���
	 , the first element of � � � ���
	 is denoted
as ������� �	� � � ���
	 � � � ; the second element of � � � ��� 	 is denoted as ������� �	� � � ���
	 � � � ; and so
on, until the last element of � � � ���
	 , which is ������� �	� � � ���
	 � � � � � ��� 	 � � . In this way, a real
number is represented by a tuple of type 	 1 	 1 	 and of the form � � ��� ��
 � , where

�
and �

indicate 8 � � ���
	 , and together with 
 this 3-tuple indicates the real number in the following
way:

� �
� 8 � � ���
	 � if 
 � �
������� � � � � ���
	 ��
 	 if 
 & �

Call each element of 8 cell, i.e. 8 � � ��� 	 is a cell. Furthermore, let � � ���
	 mean the
indexes of the current cell from now on.

In this way, it is known that there exists a finite sequence of arithmetic functions (in-
cluding all basic operations), typically with arity 1 (that is, /  6 / functions) and 2 (that
is, / 14/ 76 / functions). In any case, a 3-ary function can be written as a binary compo-
sition with another binary function and, in this way, all n-ary functions can be thought of as
a kind of composition. Further, if any argument or parameter is outside the domain of the
function, the result of that function application is simply not represented. Now, let us con-
sider that all arguments and parameters are in the corresponding domain of the functions
during their applications:

� The applications of unary functions, say there exist �� such arithmetical functions,
occupy �� positions in any � � � ���
	 for all possible

� ��� � 	 and for each argument-
parameter match. The corresponding real numbers that are represented are obtain-
able by applying these functions to all numbers in the previously defined cell (� )
only, including the rational number that has been obtained by applying the above 9
equation, while, for some indexes

� ��� , some elements of � � � ��� 	 are rational (e.g.������� �  �
). In the case where the first cell is being defined, this list is empty.

Otherwise, for the unary functions only, � � � � ��� 	 �� �� 1 � � ��� ��� 	 � where � � ��� � �� ����� � ��� 	  � 	 is a pair, as defined above.

� The application of binary functions, say there exist ��� such arithmetical functions,
occupy the subsequent positions in the same list � � � ���
	 , from the � �� 1 � � ��� ��� 	 � �� 	 ’th position on where � � ��� � � � ����� � ���
	  � 	 is a pair, as defined above. Since these
functions are binary, for any cell � from the first cell on, we just pair � (previous cell)
with all elements of the cell � from the first cell, 8 � � � � 	 , to the previous cell, � , if
there exists such lists, and let the corresponding numeric representations be the last
numbers of � � � ��� 	 during the process. There may exist some rational numbers in
this list, likewise the unary case but here as natural results from two real numbers.
Further, we can represent other numbers by permuting these pairs, which are argu-
ments, and, finally, for any cell, any value, we carry on counting the real numbers
including both symmetric rational values. Finally, � � � � � 	 is empty and � � � � � 	 con-
tains only representations of unary functions applications where the only argument
is 8 � � � � 	 � .

Again, the same procedure is applied with the symmetric rational numbers in 8 � � ��� 	��
that have been written already, according to the indexes

� ��� .
Here, a reasonable lemma is as follows: Given � , which is a denumerable set, and  

such that  "!#� . If �%$& is an infinite set, �%$& is denumerable. Proof. Using a previous



illustration, by removing the odd numbers from 	 we obtained a particular denumerable
set, that is, the set of even numbers. On the other hand, by removing one element from
any denumerable set, we obtain another denumerable set (by shifting all those subsequent
numbers to one side). Thus, by removing any finite subset of a given countable set, we
obtain a countable set. By repeating the removal process infinitely for an infinite subset,
we shall obtain either a finite set (and this case is discarded here) or an infinite subset, that
is, in accordance with the above illustration which produced even numbers, which in turn
is regarded as denumerable. In the latter case, the short number of rules, for being general,
uniformly yield that the infinite resulting sets are either denumerable or non-denumerable.
However, since the illustration with the set of all odd numbers gives a denumerable set,
� $  is denumerable only.

Note that the final ordering of the real numbers is not an ascending order in terms of
magnitude, that is, there are some cases where � ����� �	� � � ��� 	 ��
 � � ������� �	� � � � � 	 � � � for
����� � �	� � � ���
	 ��
 � prior to ������� �	� � � � � 	 � � � in the final triangular ordering from 8 .

The obtained object does not really represent / since there are repetitions of elements
in the representation. However, by applying this lemma removing the occurrences of all
repetitions and fixed points, as we should do with fractions e.g.

��� � � ��� � � ����� � ����� for repre-
senting � , we obtain a proper and denumerable representation of all elements of / . Finally,
the present author has proved that � / � � � 	 � , which means that / is denumerable.
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